Abstract. In this investigation, the authors intend to study the dynamic instability (flutter) of variable stiffness composite laminates (VSCLs) in the presence of supersonic flow. In the type of VSCL considered here, plies have curvilinear fibres and, consequently, the stiffness is variable in a macroscopic view. The plates considered are rectangular. In each ply, a reference fibre path, represented by a function of horizontal coordinate x, is defined. The reference fibre path orientation changes linearly from T 0 at the centre to T 1 at both vertical edges of the ply; the other fibre paths are defined shifting the reference path in direction y. The displacement and rotations are defined using a Third-order Shear Deformation Theory, and then they are discretised by a p-version finite element model that applies to VSCL plates. Piston theory is employed to model the aerodynamic force of the upstream flow in direction x. Flutter airspeeds are investigated for VSCL plates with different fibre angles. Changes of flutter speed are evaluated in two different regimes of steady and unsteady flow.
INTRODUCTION
The traditional fibrous composite panels consist of fibres placed with various angles (orientations) in the matrix of each ply. From a macroscopic point of view, the in-plane and the bending stiffness of the panel do not change from one point to the other. In complex structures where fibrous composite panels are used, load and stress distributions in different regions of the panel are not uniform. To reinforce the regions of high stress, two methods were before used: increasing the thicknesses or mounting stiffeners. These two techniques alter the final shape of the design by occupying more space and increasing the weight. The variable stiffness concept using curvilinear fibres [1, 2, 3] can propose a panel with different, and under-controlled stiffness. This concept suggests to rotate fibre orientation in a region with high stress.
The promising capabilities of composite laminates with curvilinear fibre paths based on their linear vibration behaviour [4, 5, 6] , static behaviour [7, 8] , stress re-distribution and (post)buckling [9, 10] , and non-linear vibrations [11, 12] are already demonstrated. These references reported higher natural frequencies, less static deflection, different stress re-distribution and different dynamics of composite plates consisting of curvilinear fibre paths. Also, higher buckling loads and failure onsets are predicted using this type of fibre paths. As far as aeroelasticity is concerned, there are not enough studies explaining the flutter modes and behaviour of such plates. In some investigations [13, 14] , flutter of wings have been controlled by adding curvilinear stiffeners. About the composite laminates with curvilinear fibres, [15] used a genetic algorithm to find the impact of various tailoring choices including curvilinear fibre orientation and stacking sequence upon the flutter.
As it is understood, the use of curvilinear fibres to control flutter has received relatively little attention in the literature. In this paper, supersonic flutter of a variable stiffness composite laminate (VSCL) -composite laminates with curvilinear fibres -is investigated. The target is to search for improvements in flutter of such plates against constant stiffness composite plates (CSCL) where straight fibres are used. A third-order shear deformation theory is used to model the displacements of the plate. Displacements and rotation of a general point in the mid-plane are discretised using a p-version finite element [16, 17] . The plate is in the presence of a supersonic flow. To model the aerodynamic force of the upstream flow, Piston theory [18] is employed. The equations of motion, in the form of an eigenvalue problem, are solved to find the flutter speed. The eigenvalues of such system are complex.
Flutter speeds of VSCLs with different boundary conditions including clamped and free boundaries against various tow orientations are evaluated. VSCLs with other boundaries are under investigation. The aim of this study is to investigate how does the flutter speed vary in VSCLs with diverse fibre angles at the centre and edges of the plates. Figure 1a displays the schematic of the plate. The rectangular VSCL has length a, width b, and thickness h, where a right-handed three-dimensional Cartesian coordinate system x, y, z is adopted, with the origin of the coordinate system located in the geometric centre of the undeformed plate. The laminate is symmetric about its middle surface, consisting of 12 composite layers with curvilinear fibre paths. The reference fibre path is defined in the form of
EIGENVALUE PROBLEM OF VSCL PLATES WITH PISTON THEORY
where T 0 and T 1 are the fibre path angles in the centre and vertical edges of the ply (Figure 1b ). The angle of the reference fibre path, ✓, is a linear function of the x-coordinate and, in order to define the other fibre paths, this reference fibre path is shifted in y-direction [2] .
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Fig 1.
A symmetric laminate including a reference curvilinear fibre path in a flat ply. A displacement field based on third-order shear deformation theory [19, 20] is used as follows
Here, u, v, and w are the displacement components in the x, y, and z directions; u 0 , v 0 , and w 0 are their values at the mid-plane and x and y are the independent rotations of the normal to the middle surface about the y and x axis, respectively. t is time and c = 4/3h 2 . Mid-plane displacements and rotations are discretised using a p-version finite element as
x (x, y, t) y (x, y, t)
where N i (x, y) are vector of shape functions and q i (t) are generalised displacement vectors (i= u, v, w,
x , and y ) [16, 17] .
The stress-strain relation (in material coordinates i.e. the fibre direction and perpendicular to the fibre direction) of an orthotropic lamina is valid in each arbitrary point of the ply made of curvilinear fibres. Because of the rotation of the fibre path ✓(x), the stresses and strains can be rotated from their material coordinates to the global coordinates (x and y) using transformation matrix [1] . The strain displacement relations in the linear regime are considered here.
The flutter pressure -pressure on upper surface of the plate while the lower surface has static pressure -due to a supersonic flow (highly unsteady) is introduced by Piston theory [18] P (x, y, t) =
in which ⇢ 1 is upstream far-field density, U 1 velocity of the flow, and M local Mach number. By removing the derivative in terms of time w ,t , the analysis is is in the steady regime. Substituting terms of shape functions and generalized coordinates, Equation 3 , in flutter pressure of Equation 4 and subsequently using the principle of virtual work gives the equations of motion as In simplified notation, the equations of motion including viscous damping may be written in the form of Mq (t) + (F unsteady + ↵M + K)q (t) + (K L + F steady ) q (t) = 0. Usinġ q (t) = y (t), the second-order differential equations of motion can be transformed to firstorder differential equations of motion as follows
By taking q (t) = q 0 i!t , the eigenvalue problem below is achieved,
Here, F unsteady represents the aerodynamic damping. Solving this eigenvalue problem results in flutter speed in the unsteady regime of flow. Neglecting the term F unsteady gives the steady results for flutter speed. ! will be found as conjugate pairs whose real parts represent frequency and imaginary parts damping. Flutter happens if the imaginary part of at least one ! is less than zero. The analysis is performed for VSCL with different clamped and free boundary conditions. In this study, seven one-dimensional shape functions, equal to 245 DOF, is used in the p-version finite element. The coefficients of viscous damping ↵ and are extracted from experiments [21] and are equal to 8.2 ⇥ 10 5 and -0.505, respectively. 
FLUTTER OF COMPOSITE LAMINATES WITH CURVINEAR FIBRES
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In order to include aerodynamic and structural damping into account, in free boundary condition, only flutter speeds in the unsteady regime of flow and in the presence of viscous damping are displayed. In the free plates, given in Figure 3 , flutter speed always decreases with the increase of fibre angle at the centre of the plate ' 0 . But, increasing ' 1 has a different effect: it first reduces the flutter speed and then leads higher flutter speeds. In the range of investigated plates, the best design in terms of flutter speed, is the CSCL with 653 m/s. The fact that increasing the fibre angle at the edges of the plate improves the flutter speed needs more investigation. Understanding different effects of fibre angles at the centre and the edges on flutter concept can help the researchers to evaluate VSCLs with other types of boundary condition or fibre angle ranges to exploit their potentials better. 
CONCLUSIONS
A VSCL plate with curvilinear fibres was introduced where the fibre angle changes linearly from the centre of the ply to the edges. The flutter speed of such plate subjected to a supersonic upstream was evaluated in the steady and in the unsteady regimes of flow. A structural viscous damping proportional to the mass and the stiffness matrix was applied. Piston theory was used to model the aerodynamic pressure of the flow. The analysis was carried out for different boundary conditions including clamped and free plates. It was shown that in clamped and free VSCL plates, the flutter speed always decreases with the increase of the fibre angles at the centre of the plate. In other words, the clamped and free composite laminates with curvilinear fibres at the centre did not show any advantage in comparison to laminates with straight fibres. As far as free plate is concerned, only with increasing the fibre angle at the edges (' 1 > 30 ) the flutter speed increases. The potential possibilities to increase the flutter speed of VSCL plates with the concept of curvilinear fibres requires to be uncovered with consideration of different boundary conditions and various range of fibre angle orientations.
